Abstract. There are four Bowen-Franks groups associated to each shift of nite type. For an irreducible shift of nite type, we show that a 4-tuple of automorphisms corresponding to the four Bowen-Franks groups can be induced simultaneously by a speci c path of ow equivalence from the shift to itself, if and only if it is F-compatible. The F-compatibleness de ned in this paper describes completely the intrinsic relations among the four automorphisms induced by a ow equivalence. This result is one of the key ingredients in classifying reducible shifts of nite type up to ow equivalence. In the mean time, it also discloses a new and sharp di erence between the invariants of ow equivalence for an irreducible shift of nite type, and the invariants of stable isomorphism for the associated simple Cuntz-Krieger algebra.
while all trivial irreducible SFT's are ow equivalent. Boyle Bo2] showed by surprise that all non-trivial irreducible SFT's are almost ow equivalent.
Note that BF(A) (or denoted by BF 0 (A) in some papers) is the cokernel of I ? A acting on the column space Z n . The kernel is another Bowen-Franks group BF 1 (A) := Ker(I ? A). Similarly, acting on the row space (Z n ) t , I ? A de nes another two groups as cokernel and kernel, denoted by BF t (A) and BF t 1 (A), respectively. These four groups are all FE-invariants of A (cf. BF] F]). Let us call them the BF-groups. Clearly, BF t (A) and BF t 1 (A) can be naturally identi ed with BF(A t ) and BF 1 (A t ), where A t is the transpose of A. Suppose we have a (speci c) ow equivalence A ! FE A 0 (i.e., A ! FE A 0 ), then it induces four isomorphisms from the four BF-groups of A to that of A 0 in a canonical way (De nition 6.13). However, to understand these isomorphisms, it su ces to understand four automorphisms for the case when A = A 0 .
In H1], we proved the following.
Theorem 1.1 ( H1] ). Suppose a matrix A is irreducible and nontrivial, then any automorphism of BF(A) can be induced by (i.e., lifted to) a ow equivalence A ! FE A. If A is trivial, then only the identity map can be lifted to a ow equivalence.
As the main result (Theorem 6.10) of this paper, we generalize Theorem 1.1 by showing that a 4-tuple of automorphisms of the four BF-groups of A can be induced simultaneously by a ow equivalence A ! FE A, if and only if the tuple is F-compatible as de ned in De nition 6.1 (see Corollary 6.11 for a matrix version). We also show (Proposition 6.7) that the Fcompatibleness is necessary for a 4-tuple automorphisms to be induced by a shift equivalence (SE) de ned by Williams W] . Kim and Roush KR] recently solved a long-standing open problem in symbolic dynamics by showing that shift equivalence is di erent from strong shift equivalence for irreducible SFT's. So SE does not imply FE automatically like SSE does. Proposition 6.7 is useful in studying whether SE implies FE for all SFT's.
Why do we study other BF-groups in addition to BF(A), even the automorphisms of these groups? There are several reasons.
The major reason is that the complete FE-invariant for reducible SFT's is far more complicated than that for irreducible SFT's. It involves concrete isomorphisms of BF-groups, not just the isomorphic BF-groups themselves. In H1] we classify two-component SFT's up to ow equivalence by using the Cuntz invariant C] that is described by isomorphisms of BF-groups. One of the key ingredients in H1] is Theorem 1.1 that is about lifting automorphisms of BF(A). It is used again in H3] in classifying n-component SFT's up to ow equivalence for the case where 1 is not an eigenvalue of adjacency matrices. But for the ow equivalence classi cation of general n-component SFT's, we need a lifting theorem more powerful than Theorem 1.1. We need the complete answers to the questions such as which pair ( ; ) of automorphisms of BF(A) and BF t (A) can be lifted simultaneously to a ow equivalence A ! FE A, though we have had a partial answer in H3] for nite BF- All FE-invariants which have appeared so far cannot tell whether A is ow equivalent to A 0 or not. Let M be the middle irreducible diagonal block in (1.1). We see heuristically that any FE-move of M in A has simultaneously column action and row action, the former a ects the o -diagonal block 1 0 to the right of M, and the latter a ects the o -diagonal block ( 1 0 ) on the top of M. According to the o -diagonal blocks of A and of A 0 , we need to know whether there is a ow equivalence M ! FE M, as a part of some A ! FE A 0 , which induces simultaneously the automorphisms 1 ! 1 on the column BF-group BF(M) and 1 ! ?1 on the row BF-group BF t (M). Let us call it the (1= ? 1) problem in the sequel.
The second reason of studying automorphisms of BF-groups is that the problem is interesting in its own right. In the K-theory and its dual theory -the K-homology of Cuntz-Krieger algebras, it is well known (cf. So the four groups we consider here are all K-theoretic FE-invariants in symbolic dynamics.
Consider the category F in which the objects are all irreducible SFT's and a morphism between two objects is a speci c FE-path. The four BF-groups actually de ne four functors BF, BF 1 , BF t and BF t 1 , from F to the category of Abelian groups with morphisms being isomorphisms (a groupoid). The functors BF, BF 1 are covariant (like a K-functor) and BF t , BF t 1 are contravariant (like a K-homology functor), as shown in de ning the images ( ; ; ; ) of the four functor maps (De nition 2.2, Lemma 3.7). The main result of this paper describes exactly the intrinsic relations among the four maps ( ; ; ; ) (Theorem 6.10, Corollary 6.14). This might be our rst step to search for a meaningful \KK-theory" for SFT's in the future. As it is well known in the area of C -algebra, K-theory and K-homology have merged into a very powerful KK-theory, where the duality between K-theory and K-homology is a just very special case of the famous Kasparov product (p.7, W-O] We summarize here some short notations used in this paper. SFT { shift of nite type; BF { Bowen-Franks; PS { Parry-Sullivan; FE { ow equivalence; SSE { strong shift equivalence; SE { shift equivalence; Z{ the set of integers; Z + { the set of nonnegative integers.
Acknowledgment. The author is extremely grateful to an unknown referee who went to great e ort to understand and comment on the early version of this paper, especially to point out an error in proving the sign invariant sgn( U ) = sgn( W ) in Proposition 5.2. A correct proof of the sign invariant was found (independently by the author and M. Boyle) using Boyle's SL(Z)-equivalence characterization of ow equivalence (generalized in Proposition 4.5 to address shift equivalence as well). Given an n n integer matrix B 2 M n n (Z), one can associate it with four nitely generated Abelian groups as follows.
First, B can act on the column space Z n as a linear map by the multiplication x 7 ! Bx. De nition 2.4. Let : Z k ! Z k be an automorphism. Then it can be represented by a matrix multiplication on Z k by some unimodular matrix U 2 GL(Z;k). Clearly that det U = 1 is independent of the representation U. So we can de ne sgn( ) to be the sign of det U. Hence sgn( ) and sgn( ) are de ned for : KerB ! KerB and : Ker t B ! Ker t B. Let Cok B = G T G F be the decomposition of the torsion and torsion-free subgroups of Cok B. Sometimes, we use BF (A) to denote both BF(A) and BF 1 (A).
Matrix Moves of Flow Equivalence
Two square matrices A and A 0 over Z + are said to be shift equivalent (SE) via (S; R; l), if there exist rectangular matrices S, R over Z + and l 2 N such that If l = 1 above, then A and A 0 are said to be elementary strong shift equivalent via (S; R).
In that case, (3.1) can be reduced to SR = A and RS = A 0 .
Matrices A and A 0 are said to be strong shift equivalent (SSE) via (S; R), if A can be transformed to A 0 by nitely many elementary strong shift equivalences with S = S 1 S 2 : : :S n ; R = R n R n?1 : : :R 1 , such that A = S 1 R 1 ; R 1 S 1 = S 2 R 2 ; ; R i S i = S i+1 R i+1 ; ; R n S n = A 0 :
It follows that RA = A 0 R; AS = SA 0 ; SR = A n ; RS = A 0n . Therefore, SSE implies SE W].
The converse is false KR]. De nition 3.5. We call an elementary SSE or a PS-move an elementary ow equivalence. Lemma 3.6 (Franks F] ). If A = (a ij ) is a square matrix over Z + and a pq > 0; p 6 = q, then A is ow equivalent to a matrix A 0 obtained by subtracting 1 from a pq and adding row q to row p. Likewise A is ow equivalent to a matrix A 00 obtained by subtracting 1 from a pq and adding column p to column q.
We call a matrix move described above a Franks move. It is routine to verify that 
Stabilization and SL(Z)-Equivalence
One of the purposes of using in nite SL(Z)-matrices to \stabilize" SFT's is we can treat adjacency matrices of di erent sizes and rectangular matrices arising from SE, SSE and PS moves in a more uni ed and standard way. It also links to the study of countable state SFT's. This concept was rst initiated by Mike Boyle and in certain way, is like the stabilization of C*-algebras. Thus the digram commutes.
FE-Constraints of a 4-tuple of Automorphisms
In this section and the next, by A we always mean an irreducible square matrix over Z + . Again, by the notation A ! FE A 0 (or A ! SE A 0 ) via (U; W) we mean there is a speci c ow equivalence (or a speci c shift equivalence) from A to A 0 that induces the equation U(I ?A) = (I ? A 0 )W (see Lemma 3.9). The pair (U; W) induces the four standard isomorphisms between BF-groups of A and BF-groups of A 0 as described in Lemma 3.9.
Lemma 5.1. If A is trivial irreducible, that is, an irreducible permutation matrix, then for each of the four BF-groups of A (De nition 3.1), any automorphism induced by a ow equivalence is the identity map. The same is true for a shift equivalence.
Proof. The suspension ow of A is a cycle if A is trivial. So any trivial irreducible A is ow equivalent to (1). Hence corresponding automorphisms for A and for (1) are always conjugate. Therefore, we may assume A = (1) for FE. Note that all BF-groups of A are isomorphic to Z. A ow equivalence from A = (1) to itself gives rise to two 1 1 integer matrices U; W which induce an automorphism of Z: either 1 7 ! 1 or 1 7 ! ?1. Obviously, the latter is impossible since U; W are nonnegative by Lemma 3.9. Now assume A SE A via RA = AR; AS = SA; SR = A l ; RS = A l . Since A is a permutation, there is k 0 such that A l+k = A. Hence we have R(SA k ) = (SA k )R = A. That is, A SSE A via (R; SA k ).
Since SSE implies FE, we know from the FE part of the proof that R : BF(A) ! BF(A) must be the identity map. But this R is exactly the standard map induced by the SE above (see Lemma 3.7). Similarly, R ; R ; R induced by the SE are all the identity map. In this section, we generalize Theorem 1.1 by showing the necessary and su cient conditions to lift a 4-tuple of automorphisms of the four BF-groups (De nition 3.1) to a ow equivalence, that is, the necessary and su cient conditions to realize the automorphisms as standard automorphisms induced by a speci c sequence of elementary ow equivalences (see Lemma 3.9).
De nition 6.1. Let A be irreducible. Let Any single automorphism is F-compatible. A pair ( ; ) is F-compatible i they are dual group automorphisms when they are restricted to the torsion subgroups of BF(A) and of BF t (A), and sgn( ) = sgn( ).
A pair ( ; ) is F-compatible i sgn( ) = sgn( ).
A pair ( ; ) is F-compatible i it is a pair of Z-dual maps, in particular, sgn( ) = sgn( ).
A triple ( ; ; ) is F-compatible i both ( ; ) and ( ; ) are F-compatible. In particular, a triple ( ; ; = Id; ) is F-compatible i T = Id, = Id, and sgn( ) = 1. . So BF(A) = BF 1 (A) = Z. : 1 7 ! ?1 and : 1 7 ! ?1 are F-compatible; while : 1 7 ! 1 and : 1 7 ! ?1 are not F-compatible.
The de nition of F-compatibility in De nition 6.1 is intrinsic for a SFT A , independent of the matrix A. Sometimes we need a more practical way to verify F-compatibility in proofs and examples. The following are some descriptions in terms of matrices. Given an adjacency matrix A for a SFT, we have in fact chosen a coordinate system for Z n to discuss BF- in Example 6.4 can never be induced by any 2 2 matrix equation UB = BW with det(U) = det(W) = 1 (Exercise). However, this pair of automorphisms still can be induced by some SL(Z;n) matrices U and W for n large enough, and by some SL(Z) matricesÛ andŴ (cf. Proposition 4.5 and Proposition 4.9). Moreover, if A is trivial, then Lemma 6.5 is not true. See the example of A = Now we are ready to prove the main theorem of this paper.
Theorem 6.10. Let A 2 M n n (Z + ) be irreducible. Then any tuple or subtuple of automorphisms f ; ; ; g in (6.1) can be simultaneously induced by (i.e., lifted to) a (speci c) ow equivalence A ! FE A if and only if it is F-compatible.
Proof. If A is trivial, then the proof is also trivial. Now assume A is nontrivial irreducible. The necessity follows from Proposition 4.5 and Lemma 6.5.
For the su ciency, it su ces to consider the whole tuple f ; ; ; g, as any F-compatible subtuple can be extended to a whole F-compatible tuple.
Applying Theorem 1.1 to A t , we can rst lift a single automorphism 2 BF t (A) = BF(A t ) to a ow equivalence A t ! FE A t (by column notation), or equivalently, A ! FE A (by row notation). Since F-compatibility is an FE-invariant by the necessity, the lifting problem can be reduced to the lifting of the following automorphisms (6.4) f ; ; ; g; where T = Id; sgn( ) = 1; = Id; = Id; and is the dual of due to the F-compatibility of the tuple (see the last example in Example 6.2).
Here is our Scheme for the rest of the proof, which strengthens the Main Scheme 2.5 in H1] designed to lift a single automorphism 2 BF(A). The Scheme below has already simpli ed to the lifting of a special tuple (6.4). By F-compatibility, is uniquely determined by , and is uniquely determined by . So we just need to lift while keep = Id.
(1) According to Lemma 6.8, it su ces to prove the lifting theorem for a speci c matrix in the FE-equivalent class of A. So we may assume that (4) U = E s E s?1 E 2 E 1 for some elementary matrices fE i g so that for each i = 1; 2; : : :; s, E i E i?1 E 1 B is nonnegative and irreducible.
(5) W = F 1 F 2 F t?1 F t for some elementary matrices fF j g so that for each j = 1; 2; : : :; t; BF 1 F j?1 F j is non-negative and irreducible. Then it follows from Lemma 3.10 that the standard automorphisms ( ; ) induced by this speci c FE are exactly the automorphisms induced in (3). Thus the Scheme is justi ed.
Under the decomposition BF(A) = G T Z k for the matrix A in (6.5), to lift any Fcompatible pair ( ; = I), by Lemma 6.9, it su ces to lift the pair for each of the three generators of Aut(BF(A)) in (6.3) for the same matrix A. Since already T = I due to = I, we just need to lift the last two types of generators in (6.3). Now let us adapt the one-sided lifting in proving Theorem 2.15 H1] (Theorem 1.1) for our two-sided lifting. The lifting in H1] uses the equation UB = BW with the main focus on U to realize U . In the following we will choose U and W more carefully to make sure that U and W are F-compatible, that is, W = I in our simpli ed case. where subscripts T and F indicate the torsion and torsion-free parts, respectively. BF t (A) also can be represented by row vectors with exactly the same pattern (6.10) without transposing. According to Lemma 2.1 and form (6.5), in (6.9) can be carried out by a multiplication of an integer matrix of form L = I H 0 I for vectors of BF(A) of form (6.10). It is clear that matrix L is a product of elementary matrices. Since G T is a direct sum of nite cyclic groups, we can choose H to be nonnegative. We even can further simplify H by making a nonzero entry of H zero if this entry corresponds to adding a zero entry of the Proof. The su ciency is proved in Lemma 6.5. Now suppose we have a F-compatible tuple of automorphisms. It follows from Theorem 6.10 that the tuple is induced by a ow equivalence A ! FE A as standard automorphisms (De nition 3.8). By the natural identi cation in Proposition 4.9, these standard automorphisms are induced by an SL(Z)-equationÛ(Î? A) = (Î? A)Ŵ according to Lemma 3.9. morphisms f ; ; ?1 ; ?1 g is said to be F-compatible, if there is a 4-tuple of standard isomorphisms f 0 ; 0 ; 0 ; 0 g induced by an FE-path A 0 ! FE A (De nition 3.8) such that the composition f 0 ; 0 ; 0 ; 0 g is an F-compatible automorphism tuple for A as de ned in De nition 6.1. A subtuple of F-compatible isomorphisms is also de ned similarly.
In the de nition above, the existence of an FE-path P 1 : A 0 ! FE A is guaranteed by the assumption A ! FE A 0 . The standard isomorphism tuple T 1 induced by P 1 is as described in Lemma 3.9. Let Tdenote the tuple f ; ; ; g . Then by the assumption, the composition T 1 T is an F-compatible automorphism tuple. Suppose we choose another FE-path P 2 : A 0 ! FE A that induces another standard isomorphism tuple T 2 . Then the composition T 2 T ?1 1 induced by the FE-path P 2 P ?1 1 must be an F-compatible automorphism tuple by Theorem 6.10.
Therefore, the composition tuple T 2 T= (T 2 T ?1 1 ) (T 1 T) is also F-compatible. Thus we have shown that De nition 6.4 is independent of the choice of a speci c FE-path A 0 ! FE A.
It follows from De nition 6.13 and Theorem 6.10 the following.
Corollary 6.14. The tuple f ; ; ?1 ; ?1 g of isomorphisms in (6.14) can be lifted to a ow equivalence A ! FE A 0 if and only if it is F-compatible.
